Abstract. I show that a quasicompact morphism f : X → Y of schemes is an effective descent map for quasicoherent modules if and only if the map O Y → f * (O X ) is injective, and remains injective after any base change. This generalizes Grothendieck's result that faithfully flat quasicompact morphisms are effective descent maps.
Introduction
Grothendieck [6] proved that faithfully flat ring homomorphisms A → B are effective descent maps for modules. That is, to specify an A-module M is the same as to specify a B-module N , together with an isomorphism There are, however, much more effective descent maps, for example morphisms allowing sections. The goal of this paper is to characterize effective descent maps. The main result is that a quasicompact morphism f : X → Y is an effective descent map if and only if the canonical map O Y → f * (O X ) is injective, and remains injective under any base change. Such morphisms are called universally schematically dominant.
The result fails badly without the assumption of quasicompactness. To see this, I construct a faithfully flat morphism of 0-dimensional schemes that is not an effective descent map. This involves absolutely flat rings and the Stone-Čech compactification via ultrafilters.
Olivier [9] announced that a ring map A → B is an effective descent map if and only if it is a pure extension. This also appears in Mesablishvili [8] . We shall see that A → B is pure if and only if Spec(B) → Spec(A) is universally schematically dominant.
In this section we collect some facts on such maps. Proposition 1.1. Universally schematically dominant morphisms are surjective.
Proof. To check that f : X → Y is surjective we may assume that Y = Spec(k) is the spectrum of a field. Then Γ(X, O X ) = 0, so the scheme X is nonempty.
To check for universal schematic dominance, it suffices to make rather simple base changes: Proposition 1.2. A morphism f : X → Y is universally schematically dominant if and only if for any 0-dimensional local ring R and any Spec(R) → Y , the induced projection X × Y Spec(R) → Spec(R) is schematically dominant.
Proof. The condition is clearly necessary. For the converse, suppose the condition holds. Let Y ′ be a Y -scheme, and set
is schematically dominant, we may assume that Y ′ = Spec(A ′ ) is affine. Fix some nonzero λ ∈ A ′ . Let p α ⊂ A ′ be the minimal prime ideals, and R α = A ′ pα the corresponding 0-dimensional local rings. Then λ/1 in nonzero in some R α , because the mapping
In a sense, being universally schematically dominant is local on the domain: Proof. Since U → X is universally schematically dominant, the condition is necessary. Conversely, suppose that f : X → Y is not universally schematically dominant. Making base change, we may assume that
This notion is due to Cohn [3] and is discussed, for example, by Lam in [7] , Section 2.4J. It holds if the quotient M/M ′ is flat. A ring homomorphism A → B is pure if it is pure as A-module homomorphism. Proof. Suppose Spec(B) → Spec(A) is universally schematically dominant. Let N be an A-module, and D A (N ) = A ⊕ N be the A-algebra of dual numbers, that is,
is injective, and so is the direct summand N → N ⊗ A B. Hence A → B is pure. Conversely, suppose that the ring extension is pure. Let Y ′ be an A-scheme, and
Effective descent
Let f : X → Y be a morphism of schemes. Regarding Y as a base scheme, we denote the n-fold fiber product by
Recall that a descent datum of quasicoherent modules for f is a quasicoherent O X -module N , together with a bijection u :
Descent data form an abelian category, and each
is fully faithful, and an effective descent map if it is an equivalence. For example, faithfully flat quasicompact morphisms are effective descent maps ( [6] , Exposé VIII, Théorème 1.1).
Throughout, descent always refers to quasicoherent modules. A general theory of descent with respect to fibered categories was developed by Giraud [4] . Proof. Set X ′ = X × Y Y ′ , and let f ′ : X ′ → Y ′ be the induced projection. Being a product of affine morphisms, the projections p n : (X ′ ) n → X n are affine for all integers n ≥ 0. Given a quasicoherent O (X ′ ) n -module G, the O X n -module p n * (G) is quasicoherent as well. Given two quasicoherent O (X ′ ) n -modules G 1 , G 2 , we have an inclusion
and consider the commutative diagram
Using the canonical identification p 1 * (f ′ ) * (F i ) = f * p 0 * (F i ) and the assumption that f : X → Y is a descent map, you easily infer that the vertical map on the left gives a bijection between the homomorphisms F 1 → F 2 and the homomorphisms f * (F 1 ) → f * (F 2 ) compatible with the descent datum. In other words,
A morphism f : X → Y is a universally effective descent map if any base change X × Y Y ′ → Y ′ is an effective descent map. We come to the main result of this paper: Theorem 2.2. A quasicompact morphism f : X → Y is a descent map for quasicoherent modules if and only if it is universally schematically dominant. In this case, f is a universally effective descent map.
Proof. First, suppose f : X → Y is a descent map. Let Y ′ be the spectrum of a 0-dimensional local ring R, and p : Y ′ → Y any morphism. Clearly, Y ′ is relatively affine over Y . By Proposition 2.1, the induced morphism
In particular, the canonical map
is injective. Now Proposition 1.2 tells us that f : X → Y is universally schematically dominant. Second, assume that f : X → Y is universally schematically dominant. Choose an affine open covering
, and let U = U α and V = V α be the disjoint unions. Suppose for the moment that each U α → V α is a descent map. Then the same holds for U → V . By the sheaf axioms, U → X and V → Y are descent maps. Therefore, f : X → Y is a descent map as well.
To The following arguments are similar to [6] , Exposé VIII. Let M be a A-module, set N = M ⊗ A B, and consider the algebra of dual numbers 
Finally, suppose f : X → Y is universally schematically dominant. We already saw that f is a universally descent map, and it remains to show that it is effective. As explained in [4] , Théorèm 10.8 (ii), the problem at hand is local on Y , so we easily reduce to the case that Y = Spec(A) is affine. As above, we may also assume that X = Spec(B) is affine. Let (N, u) be a B-module endowed with a descent datum, and M ⊂ N be the A-submodule of elements x ∈ N with u(x ⊗ 1) = 1 ⊗ x. We have to see that the induced map M ⊗ A B → N of A-modules endowed with descent data is bijective. Since f : X → Y is a descent map, it suffices to check this after tensoring with B. In other words, we may assume that A → B has a section. But a morphism allowing a section is trivially an effective descent map, and we conclude M ⊗ A B = N . Recall that a filter on S is a collection of nonempty subsets of S stable under finite intersections and supersets. A ultrafilter is a filter not contained in any other filter, compare [2] , Chap. 1, §6. You easily check that the primes p ⊂ A correspond to the ultrafilters U on S via
In other words, Y is the Stone-Čech compactification of S. A point y ∈ S corresponds to the trivial ultrafilter generated by {y} ⊂ S. The boundary Y − S is nonempty, because Y is quasicompact and S is not. Now let X = y∈Y Spec κ(y) be the disjoint union. Clearly, the canonical morphism f : X → Y is not quasicompact. Proof. Obviously, f : X → Y is surjective. Since the local rings of Y are fields, any Y -scheme is flat. Seeking a contradiction, we assume that f is an effective descent map for quasicoherent modules.
First note that the diagonal X → X × Y X is an isomorphism, because f : X → Y is bijective, and O Y,f (x) → O X,x is an isomorphism for all x ∈ X. Consequently X = X 2 = X 3 , such that each quasicoherent O X -module admits precisely one descent datum. Furthermore, each Hom OX (N 1 , N 2 ) is compatible with the descent data. This implies that the functor M → f * (M) is an equivalence between the categories of quasicoherent modules. In particular, the map Γ(Y, M) → Γ(X, f * (M)) is bijective. Now consider the quasicoherent O X -module N defined by
Write N = f * (M) for some quasicoherent O Y -module M, and let M be the corresponding A-module. Choose a nontrivial ultrafilter U on S, let y ∈ Y − S and x ∈ X − f −1 (S) be the corresponding points, and p ⊂ A the corresponding prime. We have M(x) = M y = N x = 0, such that M = pM . So for each m ∈ M , there is a linear combination m = n i=1 g i m i with m i ∈ M and g i ∈ p. The latter means S − Supp(g i ) ∈ U. Consequently, n i=1 (S − Supp(g i )) ∈ U is nonempty, such that g 1 (s) = . . . = g n (s) = 0 for some s ∈ S. We conclude that
is zero for at least one x ∈ f −1 (S). Therefore, the map Γ(Y, M) → Γ(X, N ) is not surjective, contradiction.
